Support vector machine (SVM) has proved to be a successful approach for machine learning. Two typical SVM models are the L1-loss model for support vector classification (SVC) and ǫ-L1-loss model for support vector regression (SVR). Due to the nonsmoothness of the L1-loss function in the two models, most of the traditional approaches focus on solving the dual problem. In this paper, we propose an augmented Lagrangian method for the L1-loss model, which is designed to solve the primal problem. By tackling the nonsmooth term in the model with Moreau-Yosida regularization and the proximal operator, the subproblem in augmented Lagrangian method reduces to a nonsmooth linear system, which can be solved via the quadratically convergent semismooth Newton's method. Moreover, the high computational cost in semismooth Newton's method can be significantly reduced by exploring the sparse structure in the generalized Jacobian. Numerical results on various datasets in LIB-LINEAR show that the proposed method is competitive with the most popular solvers in both speed and accuracy.
Introduction
Support vector machine (SVM) has proved to be a successful approach for machine learning. Support vector classification (SVC) and support vector regression (SVR) are two main types of support vector machines (SVMs). Support vector classification is a classic and well-performed learning method for two-group classification problems [7] , whereas support vector regression is a learning machine extended from SVC by Boser et al. [2] . Given a training dataset, the learning algorithms for SVC can be used to find a maximum-margin hyperplane that divides all the training examples into two categories. It obtains the prediction function based on only a subset of support vectors. For SVR, instead of minimizing the training error, support vector regression minimizes the generalization error bound [1] with a maximum-tolerance ǫ, below which we do not have to compute the loss. Two typical models are the L1-loss SVC model and the ǫ-L1-loss SVR model.
For L1-loss SVC, due to the nonsmoothness of the hinge loss function, traditional ways to deal with the hinge loss function is to introduce slack variables to formulate the problem as an optimization problem with a smooth function and linear inequality constraints. Most approaches are proposed to solve the dual problem. For example, Platt [27] presented a sequential minimal optimization (SMO) algorithm. It deals with the dual problem by breaking the large quadratic programming(QP) optimization problem into a series of small quadratic programming problems. The fast APG (FAPG) method [14] is another widely used method to solve the QP problem with linear and bounds constraints. Joachims proposed SVM light [15] and SVM perf [16] respectively. SVM light is based on a generalized version of the decomposition strategy. In each iteration, all the variables of the dual problem are divided into two sets. One is the set of free variables and the other is the set of fixed variables. SVM perf uses a cutting-plane algorithm for training structural classification SVMs and ordinal regression SVMs. Smola et al. [38] improved SVM perf by applying bundle methods and it performed well for large-scale data sets. An exponentiated gradient (EG) method was proposed by Collins et al. [6] . The EG method is based on exponentiated gradient updates and can be used to solve both the log-linear and max-margin optimization problems. Hsieh et al. [13] proposed a dual coordinate descent (DCD) method for linear SVM to deal with large-scale sparse data. Methods aiming to solve the primal form of the problem include the stochastic gradient descent method (SGD) and its different variants such as averaged SGD (ASGD) [49] . Shalev-Shwartz et al. [36] proposed the Pegasos algorithm by introducing subgradient of the approximation for the objective function to cope with the non-differentiability of the hinge loss function. They considered a different procedure for setting the step size and included gradient-projection approach as an optional step. NORMA method proposed by Kivinen et al. [18] is also a variant of stochastic subgradient method based on the kernel expansion of the function. Inspired by Huber loss, Chapelle [3] used a differentiable approximation of L1-loss function. Takáč et al. [44] introduced the mini-batch technique in Pegasos algorithm to guarantee the parallelization speedups. Recently, Chauhan et al. [4] presented a review on linear SVM and concluded that SVM-ALM proposed by Nie [25] was the fastest algorithm which was applied to the L p -loss primal problem by introducing the augmented Lagrangian method, and LIBLINEAR [9] is the most widely used solver which applied DCD to solving L2-regularized dual SVM. Niu et al. [26] proposed SSsNAL method to solve the large-scale SVMs with big sample size by using the augmented Lagrangian method to deal with the dual problem.
For the ǫ-L1-loss SVR model, similar to SVC, a new dual coordinate descent (DCD) method was proposed by [12] for linear SVR. Burges et al. [8] applied an active set method to solving the dual quadratic programming problem. Smola [37] introduced a primal-dual path method to solve the dual problem. Similarly, stochastic gradient descent methods have good performance in solving large-scale support vector regression problem.
On the other hand, in optimization community, there are some recent progress on methodologies and techniques to deal with nonsmooth problems. A typical tool is the semismooth Newton method, which is to solve nonsmooth linear equations [31] . Semismooth Newton's method has been successfully applied in solving various model optimization problems including nearest correlation matrix problem [29] , nearest Euclidean distance matrix problem [28] , and so on [17, 19, 30] . Moreover, Zhong and Fukushima [52] use semismooth Newton's method to solve the multi-class support vector machines. Recently, it is used to solve L2-loss SVC and ǫ-L2-loss SVR [46] . For optimization problems including nonsmooth terms in objective functions, Sun and his collaborators proposed different approaches based on the famous Moreau-Yosida regularization. For example, to deal with the well-known LASSO problems, a highly efficient semismooth Newton augmented Lagrangian method is proposed in [20] . Similar technique is used to solve the OSCAR and SLOPE models, as well as convex clustering [22, 41] . To deal with two nonsmooth terms in objective functions, an ABCD (accelerated block coordinate descent) framework [40] is proposed with the symmetric Gauss-Seidel technique embedded. The ABCD approach was applied to solve the Euclidean distance matrix model for protein molecular conformation in [48] . In fact, the augmented Lagrangian method is quite popular and powerful to solve constraint optimization problems. With semismooth Newton's method as a subsolver, it is able to deal with various problems with nonsmooth terms. The famous SDPNAL+ [42, 45, 50, 51] is designed under the framework of augmented Lagrangian method.
Based on the above observations, a natural question arises. Given the fact that semismooth Newton's method has been used to solve L2-loss SVC and SVR, is it possible to solve the corresponding L1-loss models by making use of the modern optimization technique and approaches to tackle the nonsmooth term? It is this question that motivates the work in our paper.
The contribution of the paper is as follows. Firstly, we propose an augmented Lagrangian method to solve the primal form of the L1-loss model for SVC and ǫ-L1-loss model for SVR. The challenge of the nonsmoothness is tackled with Moreau-Yosida regularization. Secondly, we apply semismooth Newton's method to solve the resulting subproblem. The quadratic convergence rate for semismooth Newton's method is guaranteed. Moreover, by exploring the sparse structure of the generalized Jacobian, the high computational complexity for semismooth Newton's method can be significantly reduced. Finally, extensive numerical tests and datasets in LIBLINEAR demonstrate the fast speed and impressive accuracy of the method.
The organization of the paper is as follows. In Section 2, we introduce the two models for SVM, i.e., L1-loss SVC and ǫ-L1-loss SVR, and give some preliminaries. In Section 3, we apply the augmented Lagrangian method to solve the L1-loss SVC model. In Section 4, we discuss the semismooth Newton method for subproblem as well as the computational complexity and convergence rate. In Section 5, we apply the above framework to the ǫ-L1-loss SVR model. Numerical results are reported in Section 6 to show the efficiency of the proposed method. Final conclusions are given in Section 7.
Notations. We use · to denote the l 2 norm for vectors and Frobenius norm for matrices. x 1 is the l 1 norm for vector x and x ∞ is the infinite norm of x. |Ω| denotes the number of elements in set Ω and |a| denotes the absolute value of the real number a. Let S n be the set of symmetric matrices. We use A 0 (A ≻ 0) to mean that A ∈ S n is positive semidefinite (positive definite). Let Diag(u) denote a diagonal matrix with diagonal elements coming from vector u ∈ R m . We use p * (·) to denote the Fenchel conjugate of a function p(·).
Problem Statement and Preliminaries
In this section, we will briefly describe two models for SVM and give some preliminaries including Danskin theorem, semismoothness and proximal mapping.
Two Models for SVM
The L1-Loss SVC model.
Given training data (x i , y i ), i = 1, . . . m, where x i ∈ R n are the observations, y i ∈ {−1, 1} are the labels, the support vector classification is to find a hyperplane y = w T x+b such that the data with different labels can be separated by the hyperplane. The typical SVC model is min ω∈R n , b∈R
Model (1) is based on the assumption that the two types of data can be successfully separated by the hyperplane. However, in practice, this is usually not the case. A more practical and popular model is the regularized penalty model min ω∈R n , b∈R
where C > 0 is a penalty parameter and ξ(·) is the loss function. Three frequently used loss functions are as follows.
• L1-loss or l 1 hinge loss: ξ(ω;
As mentioned in Introduction, the L2-loss model has already been solved by semismooth Newton's method in [46] . In our paper, we focus on the L1-loss SVC model, i.e., min ω∈R n ,b∈R
Notice that there is a bias term b in the standard SVC model. For large-scale SVC, the bias term is often omitted [12, 13] . By setting
we reach the following model (referred as L1-Loss SVC [13] ) min ω∈R n
Mathematically, there is significant difference between problem (3) and problem (4), since problem (3) is convex and problem (4) is strongly convex. On the other hand, it is shown in [12] that the bias term hardly affects the performance in most data (See section 4.5 in [12] for the numerical comparison with and without bias term). As a result, in our paper, we will focus on the unbiased model (4), which enjoys nice theoretical properties. The ǫ-L1-Loss SVR model.
Given training data (x i , y i ), i = 1, . . . , m, where x i ∈ R n , y i ∈ R, SVR is to find ω ∈ R n and b ∈ R such that ω T x i + b is close to the target value y i , i = 1, . . . , m. The ǫ-L1-loss SVR model 1 is as follows min ω∈R n
where ǫ > 0 and C > 0 are given parameters. We refer to (5) as ǫ-L1-loss SVR as in [10] .
Preliminaries
Semismoothness.
The concept of semismoothness was introduced by Mifflin [23] for functionals. It was extended to vector-valued functions by Qi and Sun [31] . Let X and Y be two real finite dimensional Euclidean spaces with an inner product ·, · and its induced norm · on X .
Definition 2.1 (Semismoothness [23, 31, 39] 
It is easy to check that piecewise linear functions are strongly semismooth. Furthermore, the composition of (strongly) semismooth functions is also (strongly) semismooth. A typical example of strongly semismooth function is max(0, t), t ∈ R.
Moreau-Yosida Regularization.
Let q : X −→ (−∞, +∞) be a closed convex function. The Moreau-Yosida [24, 47] regularization of q at x ∈ X is defined by
The unique solution of (6), denoted as Prox q (x), is called the proximal point of x associated with q. The following property holds for Moreau-Yosida regularization [21, Proposition 2.1].
Proposition 2.2 Let q : X −→ (−∞, +∞) be a closed convex function, θ(·) be the Moreau-Yosida regularization of q and Prox q (·) be the associated proximal point mapping.
Then θ q (·) is continuously differentiable, and there is
The proximal mapping, denoted as Prox M p (·), is defined as the solution of the following problem
where ψ(z, s) :
It is easy to derive that Prox M p (z) takes the following form (See Appendix for the details of deriving Prox M p (z))
The proximal mapping Prox M p (·) is piecewise linear as shown in Figure 1 , and therefore strongly semismooth.
Remark 2.3 Here we would like to point out that the proximal mapping here is closely related to the proximal mapping associate with s 1 , which is popular used in the wellknown LASSO problem. Actually, from Figure 1 and Figure 2 , the proximal mapping Prox M p (·) can be viewed as a shift of that with s 1 .
Given z, the Clarke subdifferential of Prox M p (z), denoted as ∂Prox M p (z), is a set of diagonal matrices. For U ∈ ∂Prox M p (z), its diagonal elements take the following form
In other words, we have
Similarly, for p ǫ (·) defined by
there is (See Figure 3 for Prox M pǫ (z))
It can be easily verified that ∂Prox M pǫ (z) is strongly semismooth as well. For U ∈ ∂Prox M pǫ (z), its diagonal elements are given by We end this section by the the following property of p(·).
where e = (1, . . . , 1) T ∈ R m . Then we have
Proof. Note that p(·) can be equivalently written as
.
is the indicator function defined as 0 if x ∈ P 0 and +∞ otherwise. We then have
In other words, there is p(·) = δ * P (·). The proof is finished.
Proof. Similar to the proof of Proposition 2.4, there is
Note that
We consider the following different cases of y i :
To sum up, we have
Consequently, we get
The proof is finished.
The Augmented Lagrangian Method
In this section, we will discuss the augmented Lagrangian method to solve the L1-loss SVC model (4).
Problem Reformulation
We first reformulate (4) equivalently as the following form min w∈R n
by letting
By introducing a variable s ∈ R m , we get the following constrained optimization problem min w∈R n ,s∈R m
where p(s) is defined as in (7) . The Lagrangian function for (13) is
where λ ∈ R m is the Lagrange multiplier corresponding to the equality constraints. The dual problem is
The KKT conditions associated with problem (13) are given by
Remark 3.1 It is easy to see that both (13) and (14) admit feasible solutions. Consequently, both (13) and (14) admit optimal solutions. By Theorem 2.1.8 in [43] , there is no duality gap between (13) and (14) . Moreover, by Theorem 2.1.7 in [43] , (s * , w * , λ * ) solves (15) if and only if (s * , w * ) is an optimal solution to (13) and λ * is an optimal solution of (14) . Consequently, the set of Lagrange multipliers is not empty.
Remark 3. 2 We would like to point out that after we finished our paper, we realized that problem (13) is a special case of the general problem considered in [20] . Consequently, as we will show below, it enjoys interesting properties, due to which the convergence results of the augmented Lagrangian method (Theorem 3.5 and Theorem 3.9) in our paper directly follows from those in [20] .
Proposition 3.3 Let (w * , s * ) be the optimal solution to problem (13) . Then the second order sufficient condition holds at (w * , s * ).
Proof. Assume that (w * , s * , λ * ) is one of the solutions for the KKT system (15) . Note that the effective domain of p(·), denoted as dom(p), is R m , therefore, the tangent cone of dom(p) at s * is R m . That is T dom(p) (s * ) = R m . As a result, by the definition in [20, (7) ], the critical cone associate with (13) at (w * , s * ), denoted by C(w * , s * ), is as follows
Here, p ′ (s * ; d 2 ) denote the directional derivative of p at s * with respect to d 2 .
Next, we will show that
For contradiction, assume that for any (d 1 , d 2 ) ∈ C(w * , s * ), d 1 = 0. Then (d 1 , d 2 ) ∈ C(w * , s * ) gives that d 2 = Bd 1 = 0, contradicting with (d 1 , d 2 ) = 0. Consequently, (16) holds.
By the definition in [20, Definition 2.6], the second order sufficient condition holds at (w * , s * ) if
By the definition of directional derivative, it is easy to calculate that
Together with (16) , (17) reduces to
which obviously holds. The proof is finished.
Augmented Lagrangian Method (ALM)
Next, we will apply augmented Lagrangian method (ALM) to solve (13) . The augmented Lagrangian function of (13) is
where σ > 0. ALM works as follows. At iteration k, solve
to get (w k+1 , s k+1 ). Then update the Lagrange multiplier by
and σ k+1 ≥ σ k .
The key step in ALM is to solve the subproblem (18) . Similar to that in [20] , given fixed σ > 0 and λ, let (w * , s * ) denote the unique solution of subproblem (18) . Denote
There is
where τ (z(w)) := min s
. Therefore, we can get (w * , s * ) by
s * = s * (w * ) = Prox 1/σ p (z(w * )).
Due to the strong convexity and the differentiability of φ(w) in Proposition 2.2, we will apply semismooth Newton's method to solve (20) in Section 4. The details of ALM is given in Algorithm 3.4.
Algorithm 3.4 ALM for L1-loss SVC S0 Initialization. σ 0 > 0, λ 0 ∈ R m ; w 0 ∈ R n . For k 1 = 0, 1, 2, ... S1 Solve (20) to get w k+1 . Then Calculate s k+1 = s * (w k+1 ) by (21) .
Choose σ k+1 such that σ k ≤ σ k+1 < +∞. Go to S1.
Convergence Results
To guarantee the global convergence of ALM, the following standard stopping criteria [33, 34] are used in [20] to solve (13) approximately
The global convergence result of ALM was originally from [33, 34] . As we mentioned in Remark 3.2, ALM is applied to solve a general form of (13), i.e., problem (D) in [20] , and the convergence result, i.e., Theorem 3.2 in [20] is obtained therein. Therefore, as a special case of the problem (D) in [20] , we can get the following global convergence result of Alg. 3.4.
Theorem 3.5 Let the sequence {(w k , s k , λ k )} be generated by ALM with stopping criteria (A). Then the sequence {λ k } is bounded and converges to an optimal solution of (14) . Moreover, the sequence {(w k , s k )} is also bounded and converges to the unique optimal solution (w * , s * ) of (13).
Proof. Note that the optimal solution for strongly convex problem (12) exists and it is unique. Consequently, (13) admits a unique solution. By Remark 3.1, the set of Lagrange multiplier is also nonempty. Consequently, by Theorem 3.2 in [20] , the result holds.
To state the local convergence rate, we need the following stopping criteria which are popular used such as in [41] and [20] .
We also need the following definitions. Define the maximal monotone operator T f and T l [33] by F is said to be metrically subregular at x for y with modulus κ ≥ 0 if there exist neighborhoods U of x and V of y such that
Definition 3.7 Let F : X ⇒ Y be a multivalued mapping and y ∈ Y satisfy F −1 (y) = ∅. F is said to satisfy the error bound condition for the point y with modulus κ ≥ 0 if there exists ǫ > 0 such that if x ∈ X with dist(y, F (y)) ≤ ǫ, then dist(x, F −1 (y)) ≤ κdist(y, F (x)). (i) The sequence {λ k } converges to λ * , one of the optimal solutions of (14), and for all k sufficiently large, there is
where Ω is the set of the optimal solutions of (14) and
as k → +∞. Moreover, {(w k , s k )} converges to the unique optimal solution (w * , s * ) of (13). (ii) If the stopping criteria (B2) is also used, then for all k sufficiently large, there is
Proof. (i) We only need to show that T f satisfies the error bound condition for the origin with modulus a f . By Definition 2.2.1 in [43] , (14) is convex piecewise linear-quadratic programming problem. By [43, Proposition 2.2.4], we know that the corresponding operator T f is polyhedral multivalued function. Therefore, by Proposition 3.8, the error bound condition holds at the origin with modulus a f . Following Theorem 3.3 in [20] , we proved (i). To show (ii), first note that the second order sufficient condition holds for problem (13) by Proposition 3.3. On the other hand, by Proposition 2.4, p(·) is the support function of a nonempty polyhedral convex set. Consequently, by Theorem 2.7 in [20] , T l is metrically subregular at (w * , s * , λ * ) for the origin. Then by the second part of Theorem 3.3 in [20] , (ii) holds. The proof is finished. (20) In this section, we will discuss semismooth Newton's method to solve (20) . In the first part, we will give the details of semismooth Newton's method. In the second part, we will analyze the computational complexity of the key step in semismooth Newton's method. The third part is devoted to the convergence result.
Semismooth Newton's Method for Solving

4.1
Semismooth Newton's Method
Note that φ(w) defined as in (19) is continuously differentiable. By Proposition 2.2, the gradient ∇φ(w) takes the following form
which is strongly semismooth due to the strongly semismoothness of s * (w). The generalized Hessian of φ at ω, denoted as ∂ 2 φ(ω), satisfies the following condition [5, Proposition 2.3.3, Proposition 2.6.6]: for any h ∈ R n ,
Consequently, solving (20) is equivalent to solving the following strongly semismooth equations ∇φ(w) = 0.
We apply semismooth Newton's method to solve the nonsmooth equations (24) . At iteration k, we update w by
Below, we use the following well studied globalized version of the semismooth Newton method [29, Algorithm 5.1] to solve (24) . Algorithm 4.1 A globalized semismooth Newton method S0 Given j := 0. Choose ω 0 , σ ∈ (0, 1), ρ ∈ (0, 1), δ > 0, η 0 > 0 and η 1 > 0. S1 Calculate ∇φ(ω j ). If ∇φ(ω j ) ≤ δ, stop. Otherwise, go to S2. S2 Select an element V j ∈∂ 2 φ(ω j ) defined as in (23) . Apply conjugate gradient (CG) method [11] to find an approximate solution d j by V j d j + ∇φ(ω j ) = 0 (25) such that
where µ j = min(η 0 , η 1 ∇φ(ω j ) ).
S3 Do line search, and let m j > 0 be the smallest integer such that the following holds
Let α j = ρ mj . S4 Let ω j+1 = ω j + α j d j , j := j + 1, go to S1.
Computational Complexity
It is well-known that the high computational complexity for semismooth Newton's method comes from solving the linear system in S2 of Alg. 4.1. As designed in Alg. 4.1, we apply the popular solver conjugate gradient method (CG) to solve the linear system iteratively. Recall that w ∈ R n , B ∈ R m×n . The heavy burden in applying CG is to calculate V h, where h ∈ R n is a given vector. Below, we will mainly analyze several ways to implement V h, where 
Note that U = Diag(u) is a diagonal matrix with vector u ∈ R m . We can explore the diagonal structure, and use the following formula
Specifically, we can first compute Bh, then do the rest computation as in (26 
By choosing u i = 1 for z i = 0 or z i = C σ , we get 
This lead to the computational complexity O(n|I(z)|).
We summarize the details of the computation for the three ways in Table 1 . As we will show in numerical part, in most situations, |I(z)| is far more less than m. Together with the complexity reported in Table 1, As a result, we use Way III in our algorithm.
Remark 4.2 We would like to point out that the technique used in Way III essentially follows from the idea in [20, Section 3.3] . The sparse structure is fully explored in semismooth Newton's method to solve the subproblem in ALM [20] and it leads to a highly efficient solver for the LASSO problem.
Convergence Result
It is easy to see from (23) that for any V ∈∂ 2 φ(w), there is
implying that V is positive definite. Also note that ∂ 2 φ(w) ⊆∂ 2 φ(w), we have the following proposition. (20) . Then every sequence generated by (4.1) is superlinearly convergent to ω * , provided that the starting point ω 0 is sufficiently close to ω * . Moreover, the convergence rate is quadratic.
Remark 4.5 Recall that in ALM, when solving subproblem, the convergence analysis requires the stopping criteria (A), (B1) and (B2) to be satisfied. In practice, as mentioned in [20, , when ∇φ k (w k+1 ) is sufficiently small, the stopping criteria (A), (B1) and (B2) will be satisfied.
Algorithm for ǫ-L1-Loss SVR
In this part, we briefly discuss applying ALM developed in Section 3 and 4 to ǫ-L1-loss SVR (5).
By letting
we reformulate (5) as
ALM then can be applied to solve (28) with
where p ǫ (·) is defined as in (11) . When applying semismooth Newton's method, there is
with the gradient
and where
Remark 5.1 For ALM solving ǫ-L1-Loss SVR, the convergence results in Theorem 3.5 and Theorem 3.9 (i) holds for ALM. It is not clear whether Theorem 3.9 (ii) holds or not. The reason is as follows. As shown in Proposition 2.5, p * ǫ (y) equals to ǫ y 1 if y ∈ P and +∞ otherwise. Hence p ǫ (y) is neither an indicator function δ M (·) or a support function δ * M (·) for some nonempty polyhedral convex set M ⊂ R m . Therefore, assumption 2.5 in [20] fails, putting the metric subregularity of T l a question since Theorem 2.7 in [20] may not hold. As a result, Theorem 3.9 (ii) may not hold for ALM when solving ǫ-L1-Loss SVR.
Numerical Results
In this section, we will conduct numerical tests on various data collected from LIBLIN-EAR to show the performance of ALM. It is divided into four parts. In the first part, we will test the performance of ALM from various aspects. In the second part, we will test our method based on different parameters. In the third part, we will compare with one of the competitive solvers DCD (Dual Coordinate Descent method) [13] in LIBLINEAR for L1-loss SVC. In the final part, we test our algorithm for ǫ-L1-loss SVR in comparison with DCD [12] in LIBLINEAR.
Implementations. Our algorithm is denoted as ALM-SNCG (Augmented Lagrangian method with semismooth Newton-CG as subsolver). To speed up the solver, we use the following calculation for Prox M p (z) in (9) and Prox M pǫ (z) respectively, Prox M p (z) = max(z − CM, 0) + min(z, 0), Prox M pǫ (z) = max(min(z, max(z − CM, ǫ)), min(z + CM, −ǫ)).
All the numerical tests are conducted in Matlab R2017b in Windows 10 on a Dell Laptop with an Intel(R) Core(TM) i7-5500U CPU at 2.40GHz and 8 GB of RAM. All the data are collected from LIBLINEAR which can be downloaded from https://www.csie.ntu.edu.tw/ cjlin/libsvmtools/datasets. The information of datasets in LIBLINEAR is summarized in Table 2 for SVC and Table 6 for SVR.
We will report the following information: the number of iterations in ALM k, the number of iterations in semismooth Newton's method j, the total number of iterations for semismooth Newton's method it sn , the total number of iterations in CG it cg , the cpu-time t in second. For SVC, we report accuracy for prediction, which is calculated by number of correct prediction number of test data × 100%.
For SVR, we report mean squared error (mse) for prediction, which is given by
whereŷ i = w T x i is the observed value corresponding to the testing data x i , i = 1, · · · , l.
Performance Test
In this part, we will show the performance of ALM-SNCG including the low computational cost, the convergence rate of semismooth Newton's method for solving subproblems as well as the accuracy with respect to the iterations in ALM. Low Computational Cost. As we show in Section 4.2, we can reduce the computational cost significantly by exploring the sparse structure when calculating V h in CG. Without causing any chaos, we denote z(w j ) as z j . Below we plot |I(z j )| with respect to j for data a9a (m = 32, 561, n = 123) in the first loop of ALM. We have , 314, 229, 595, 1564, 1377, 1219, 1275, 1241] , and the radio of |I(z j )| over m is [0, 0, 0.0096, 0.0070, 0.0183, 0.0480, 0.0423, 0.0374, 0.0392, 0.0381].
From Figure 4 , one can see that compared with the large sample size m = 32, 561, the number of elements in I(z) is far more less than m, which only accounts for less than 5% of m. Consequently, this verifies our claim that the computational complexity in WAY III is significantly reduced. Convergence of Semismooth Newton's Method. To demonstrate the quadratic convergence of semismooth Newton's method, we plot F (w j ) with respect to j in the first loop of ALM for dataset leukemia. The result is demonstrated in Figure 5 , where the quadratic convergence rate can be indeed observed. Accuracy. Note that we are solving a practical problem, with predicting purpose. We are interested in the following question: as the iteration keeps on in ALM, what it happens to the accuracy? Below, we plot the accuracy vs outer iteration number k in Figure 6 . As we can see, the accuracy is reduced significantly during the first few iterations in ALM. However, little progress has been made after that. Consequently, we set the maximum number of outer iterations as 10 in our test. Figure 6 . Accuracy during the update of ALM for a6a with C = 0.05.
Performance with Different Parameters
It is noted that the choice of C in L1-loss SVC (4) may have great influence on the performance of the algorithms. Consequently, in this part, we test our algorithms with different Cs. To speed up the code, we try two choices. One is to generate starting point by solving subproblem (18) using alternating direction method of multipliers (ADMM).
The other is to use a fixed starting point w 0 = ones(n, 1). We report the results in Table 3 and 4. One can see that ALM-SNCG with fixed starting point has a better accuracy than that with ADMM as starting point. For cpu-time, using ADMM or not does not make much difference. For the choice of C, it seems that both values of C = 1/l * 550, 1/l * 1000 give comparable accuracy and cpu-time. In our following test, we choose C = 1/l * 550 and use w 0 = ones(n, 1) as our starting point.
Comparison with LIBLINEAR for SVC
As pointed out in [4] , LIBLINEAR is the most popular solver. Consequently, in this part, we compare our algorithm with solvers in LIBLINEAR on dataset for SVC. We split each set to 80% training and 20% testing. Specifically, we compare with DCD which solves also model (4) . Parameters in ALM are set as τ = 1, σ 0 = 0.15, σ max = 2, θ = 0.8 and λ 0 = zeros(m, 1). For semismooth Newton's method, we choose ρ = 0.5, δ = max(1.0 × 10 −2 , 1.0 × 10 −j ). The results are reported in Table 5 . 
